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ON QUASI-ISOMORPHIC DGBV ALGEBRAS
HUAI-DONG CAO AND JIAN ZHOU
Abstract. One of the methods to obtain Frobenius manifold structures is
via DGBV (differential Gerstenhaber-Batalin-Vilkovisky) algebra construc-
tion. An important problem is how to identify Frobenius manifold structures
constructed from two different DGBV algebras. For DGBV algebras with
suitable conditions, we show the functorial property of a construction of de-
formations of the multiplicative structures of their cohomology. In particular,
we show that quasi-isomorphic DGBV algebras yield identifiable Frobenius
manifold structures.
String theorists are interested in two kinds of conformal field theories defined
on a Calabi-Yau manifold X : an A-type theory which depends only on the Ka¨hler
structure but not the complex structure X , and an B-type theory which depends
only on the complex structure but not the Ka¨hler structure. Conceivably, an A-type
theory should then be related to the deformations of the Ka¨hler structure, while
an B-type theory should be related to the deformations of the complex structure.
The mysterious mirror symmetry [22] can be formulated as the identification of an
A-type theory on X with a B-type theory on its mirror manifold X̂.
Physicists also provide us some examples of such theories: the topological sigma
model [21] and the Ka¨hler theory of gravity [3] are A type theories, while the
Kodaira-Spencer theory of gravity [2] is a B type theory. Through the efforts of
many mathematicians, the topological sigma model now has rigorous mathematical
formulation in terms of suitably defined Gromov-Witten invariants and has led to
vast progress in symplectic geometry and algebraic geometry. On the other hand,
based on the work of Tian [19] and Todorov [20], the Kodaira-Spencer theory of
gravity was analyzed in details by Bershadsky-Cecotti-Ooguri-Vafa [2], and the
theory of Ka¨hler gravity by Bershadsky and Sadov [3]. Barannikov-Kontsevich
[1] reformulated the results in [2] in terms of Frobenius manifolds introduced by
Dubrovin [8, 9], and made the important observation that there is an algebraic
structure called DGBV algebra hidden in the theory, and the method to obtain
formal Frobenius manifold structure by the Kodaira-Spencer Lagrangian can be
generalized to any DGBV algebra satisfying certain conditions. See the detailed
account in Manin [17]. In two earlier papers [4, 5], we pointed out two DGBV
algebra structures in the theory of Ka¨hler gravity, one on Dolbeault cohomology
and the other on de Rham cohomology, and showed that they satisfy the conditions
in [1, 17] for constructing Frobenius manifold structures. Furthermore, we were
able to identify the Frobenius manifold structures from these two different DGBV
algebras. Subsequently, we also generalized these results to hyperka¨hler manifolds
[6] and equivariant cohomology [7].
We conjectured that for a Calabi-Yau manifold X with a mirror manifold X̂,
one should be able to identify the Frobenius manifold structure constructed in [1]
for X with that constructed in [4, 5] for X̂ (maybe after some coordinate change).
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A general question in this direction is how one can possibly identify Frobenius
manifold structures constructed from two different DGBV algebras. Our idea is to
first give a natural definition of quasi-isomorphisms of DGBV algebras, and then
show that, when the constructions of formal Frobenius manifolds are applicable,
quasi-isomorphic DGBV algebras yield identifiable Frobenius manifold structures.
These are carried out in this paper (see Definition 3.1 and Theorem 3.2). We
leave the problem of showing that the relevant DGBV algebras on X and X̂ are
quasi-isomorphic to future investigation.
In the course of our study, we find it natural to consider homomorphisms of
DGBV algebras. The construction of Frobenius manifold structures is not functo-
rial with respect to general DGBV algebra homomorphisms, but the construction
of some one-parameter formal deformations is. We establish the functorial prop-
erties by showing the gauge invariance of the constructions. Note that the gauge
invariance has been studied in the special cases of Kodaira-Spencer gravity [2] and
Ka¨hler gravity [3].
1. Deformations of cohomology algebras of DGBV algebras
Let k be a graded commuative associative algebra with unit over Q, (A,∧) a
graded commutative associative algebra with unit 1 over k. For any linear operator
∆ of odd degree, define
[a • b]∆ = (−1)
|a|(∆(a ∧ b)− (∆a) ∧ b− (−1)|a|a ∧∆b),(1)
for homogeneous elements a, b ∈ A. When there is no risk of confusion, we will
simply use [· • ·] to denote [· • ·]∆. If ∆
2 = 0 and
[a • (b ∧ c)] = [a • b] ∧ c+ (−1)(|a|−1)|b|b ∧ [a • c],(2)
for all homogeneous a, b, c ∈ A, then (A,∧,∆, [· • ·]) is a Gerstenhaber-Batalin-
Vilkovisky (GBV) algebra. Under the above conditions, it is straightforward to see
that
[a • b] = −(−1)(|a|−1)(|b|−1)[b • a],
[a • [b • c]] = [[a • b] • c] + (−1)(|a|−1)(|b|−1)[b • [a • c]],
∆[a • b] = [∆a • b] + (−1)|a|+1[a •∆b].
A DGBV (differential Gerstenhaber-Batalin-Vilkovisky) algebra is a GBV algebra
with a k-linear derivation δ of odd degree with respect to ∧, such that
δ2 = δ∆+∆δ = 0.
It is easy to see that
δ[a • b] = [δa • b] + (−1)|a|+1[a • δb].
It is routine to define homomorphisms of DGBV algebras. Denote by DGBV the
category of DGBV algebra. One can define direct sum and tensor product in this
category.
Let δx(t) = δ + [x(t) • ·], where t is an indeterminate and x(t) ∈ A[[t]] is a
formal power series in t with coefficients even elements of A. Because of (2), δx is
a derivation of A[[t]]. Now
δ2x(t) = [(δx(t) +
1
2
[x(t) • x(t)]) • ·].
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Hence if
δx(t) +
1
2
[x(t) • x(t)] = 0,(3)
then δx(t) is a differential. It is easy to see that if ∆x(t) = 0, then δx(t)∆ = −∆δx(t).
As a consequence, (A[[t]],∧, δx(t),∆, [· • ·]) is a DGBV algebra.
We will be concerned with the deformations of the multiplicative structure on
the cohomology H = H(A, δ). Since δ is a derivation, i.e.,
δ(a ∧ b) = δa ∧ b+ (−1)|a|a ∧ δb,
for homogeneous a, b ∈ A, ∧ induces an associative product (also denoted by ∧) on
H . Clearly, (H,∧) is graded commutative. Since we have δ1 = 0, the class of 1 gives
a unit of (H,∧). To summarize, (H,∧) is a graded commutative associative algebra
with unit over k. Note that (A[[t]],∧, δx(t),∆, [· • ·]) is a formal deformation of
(A,∧, δ,∆, [·•·]). An important idea in [1] and [17] is to obtain formal deformations
of (H,∧) by considering H(A[[t]], δx(t)). We will need the following
Lemma 1.1. Let A be a vector space with two endomorphisms δ and ∆ satisfying
δ2 = ∆2 = δ∆ + ∆δ = 0. Then Im δ∆ = Im∆δ ⊂ Im δ ∩ Ker∆ and Im∆δ =
Im δ∆ ⊂ Im∆. ∩Ker δ. The following conditions are equivalent
(i) The inclusions i : (Ker∆, δ) →֒ (A, δ) and j : (Ker δ,∆) →֒ (A,∆) induce
isomorphisms of homology.
(ii) We have equalities:
Im δ∆ = Im∆δ = Im δ ∩Ker∆,
Im δ∆ = Im∆δ = Im∆ ∩Ker δ.
When the above conditions hold, then both the cohomology groups in (i) are naturally
isomorphic to (Ker∆ ∩Ker δ)/ Im δ∆.
From now on, all the DGBV algebras will be assumed to satisfy the conditions
in Lemma 1.1. Denote by DGBVq the subcategory of all DGBV algebras which
satisfies the conditions in Lemma 1.1.
Lemma 1.2. If z ∈ A satisfies δ∆z = 0, then
z = h+∆u + δv
for some h ∈ Ker δ ∩Ker∆, u, v ∈ A.
Proof. Since ∆z ∈ Ker δ ∩ Im∆ = Im δ∆, so ∆z = ∆δv for some v ∈ A. Now
∆(z − δv) = 0, so z − δv determines a class in H(A,∆). Since H(A,∆) ∼= (Ker δ ∩
∆)/ Im δ∆, there exist u ∈ A, such that h = z − δv −∆u ∈ Kerδ ∩ Ker∆. This
completes the proof.
Proposition 1.1. Assume that (A,∧, δ,∆, [· • ·]) is in DGBVq. Then for any even
cohomology class [x] ∈ H(A, δ), there is a formal power series solution x(t) =
x1t + · · · + xnt
n + · · · to (3), such that x1 ∈ Ker∆ ∩ Ker δ represents [x], and
xn ∈ Im∆ for n > 1. When [x] = [1], we can take x1 = 1, xn = 0, for n > 1.
Proof. The second statement is trivial. The first can be proved by a standard
argument modeled on the method of Tian [19] and Todorov [20]. Rewrite (3) as a
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sequence of equations
δx1 = 0,
δx2 = −
1
2
[x1 • x1],
· · · · · ·
δxn = −
1
2
∑
i+j=n
[xi • xj ],
· · · · · ·
By Lemma 1.1, we can take x1 ∈ Ker δ ∩ Ker∆ to represent [x]. Suppose now we
have found x1, · · · , xn with xj ∈ Im∆ for 1 < j ≤ n. By (1),
∑
i+j=n+1[xi • xj ] ∈
Im∆. Also we have the following standard calculation
δ
∑
i+j=n+1
[xi • xj ] =
∑
i+j=n+1
[δxi • xj ]−
∑
i+j=n+1
[xi • δxj ]
= −
1
2
∑
i+j=n+1
∑
p+q=i
[[xp • xq] • xj ] +
1
2
∑
i+j=n+1
∑
p+q=j
[xi • [xp • xq]]
= −
1
2
∑
i+j=n+1
∑
p+q=i
[[xp • xq] • xj ] +
1
2
∑
i+j=n+1
∑
p+q=j
[[xp • xq] • xi] = 0.
Hence
∑
i+j=n+1[xi • xj ] ∈ Ker δ ∩ Im∆ = Im δ∆, and so there exist xn+1 ∈ Im∆,
such that
δxn+1 = −
1
2
∑
i+j=n+1
[xi • xj ].
Proposition 1.2. The triple (A[[t]], δx(t),∆) is in DGBVq.
Proof. We need to show
Im δx(t) ∩Ker∆ ⊂ Im δ∆ = Im∆δ,
Im∆ ∩Ker δx(t) ⊂ Im δ∆ = Im∆δ.
We prove the second inclusion first. Assume that y(t) = ∆z(t), δx(t)y(t) = 0. We
get a sequence of equations
δy0 = 0,
δy1 = −[x1 • y0],
· · · · · ·
δyn = −
∑
i+j=n
[xi • yj],
· · · · · ·
where yn = ∆zn. Now δ∆z0 = δy0 = 0, by Lemma 1.2, z0 = h0+∆u0+ δv0, where
h0 ∈ Ker δ ∩Ker∆. Hence
y0 = ∆z0 = ∆δv0 = δ(−∆v0).
And from
δ∆z1 = δy1 = −[x1 • y0] = [x1 • δ∆v0] = δ∆[x1 • v0],
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we get z1 = h1 +∆u1 + δv1 + [x1 • v0]. Hence we have
y1 = ∆z1 = ∆δv1 +∆[x1 • v0] = −δ∆v1 − [x1 •∆v0].
By induction, we find that
yn = −δ∆vn −
∑
i+j=n
[xi • vj ],
in other word, y(t) = −δx(t)∆v(t) ∈ Im δx(t)∆, where v(t) = v0 + v1t+ · · · .
Now assume y(t) = δx(t)z(t) and ∆y(t) = 0, where y(t) = y0 + y1t + · · · and
z(t) = z0 + z1t + · · · are elments of A[[t]]. Equivalently, we have a sequence of
equations
y0 = δz0,
y1 = δz1 + [x1 • z0],
· · · · · ·
yn = δzn +
∑
i+j=n
[xi • zj ],
· · · · · ·
and ∆yn = 0. Now ∆δz0 = ∆y0 = 0, z0 = h0 + ∆u0 + δv0 for some h0 ∈
Ker δ ∩Ker∆. Hence
y0 = δz0 = δ∆v0.
From
∆δz1 = ∆(y1 − [x1 • z0]) = [x1 •∆z0] = [x1 •∆δv0] = ∆δ[x1 • v0],
we get z1 = h1 +∆u1 + δv1 + [x1 • v0]. Hence
y1 = δz1 + [x1 • z0] = δ∆u1 + δ[x1 • v0] + [x1 • (h0 +∆u0 + δv0)]
= δ∆u1 + [x1 • h0] + [x1 •∆u0].
By induction, we can show that
zn = hn +∆un + δvn +
∑
i+j=n
[xi · vj ],
where each hn lies in Ker δ ∩Ker∆. Consequently,
yn = δ∆un +
∑
i+j=n
[xi • hj ] +
∑
i+j=n
[xi •∆uj ]
Define wn as follows. Set w0 = 0. For n > 0, assume that w1, · · ·wn−1 have been
defined such that
δ∆wj =
∑
q+r=j
[xp • (hq −∆wq)],
for j < n. Then it is straightforward to see that
∑
i+j=n[xi • (hj − ∆wj)] =∑
i+j=n∆(xi ∧ (hj −∆wj)) ∈ Ker δ ∩ Im∆ = Im δ∆, so∑
i+j=n
[xi • (hj −∆wj)] = δ∆wn
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for some wn ∈ A. Finally, we have
yn = δ∆un +
∑
i+j=n
[xi • (hj −∆wj ] +
∑
i+j=n
[xi •∆(uj + wj)]
= δ∆un + δ∆wn +
∑
i+j=n
[xi •∆(uj + wj)]
= δ∆(un + wn) +
∑
i+j=n
[xi •∆(uj + wj)].
Proposition 1.3. Any element y0 ∈ Ker δ ∩ Ker∆ can be extended to a formal
power series y(t) = y0 + y1t+ · · · ynt
n + · · · , such that δx(t)y(t) = 0 and yn ∈ Im∆
for n ≥ 1. Furthermore, if y¯(t) = y¯0 + y¯1t + · · · satisfies δx(t)y¯(t) = 0, where
y¯0 ∈ Ker δ ∩ Ker∆ represents the same class as y0 in H(A, δ), y¯n ∈ Im∆ for
n > 0, then there exists z(t) ∈ (Im∆)[[t]] such that y¯(t)− y(t) = δx(t)z(t).
Proof. When expanded into the formal power series in t, we can rewrite δx(t)y(t) = 0
as a sequence of equations
δy0 = 0,
δy1 = −[x1 • y0],
· · · · · ·
δyn = −
∑
i+j=n
[xi • yj],
· · · · · ·
To find y1, notice that
[x1 • y0] = ∆(x1 ∧ y0) ∈ Im∆,
δ[x1 • y0] = [δx1 • y0] + [x1 • δy0] = 0,
i.e. [x1 • y0] ∈ Ker δ ∩ Im∆ = Im δ∆, hence y1 ∈ Im∆ can be found. Suppose now
that we have found y1, · · · , yn ∈ Im∆, we have∑
i+j=n+1
[xi • yj ] =
∑
i+j=n+1
∆(xi ∧ yj) ∈ Im∆,
δ
∑
i+j=n+1
[xi • yj ] =
∑
i+j=n+1
[δxi • yj ]−
∑
i+j=n+1
[xi • δyj]
= −
1
2
∑
i+j=n+1
∑
p+q=i
[[xp • xq] • yj ] +
∑
i+j=n+1
∑
q+r=j
[xi • [xq • yr]]
= −
1
2
∑
p+q+r=n+1
([[xp • xq] • yr]− 2[xp • [xq • yr]]) = 0.
I.e.,
∑
i+j=n+1[xi • yj ] ∈ Ker δ Im∆ = Im δ∆, hence we can find yn+1.
By Lemma 1.1, H(A, δ) ∼= (Ker∆ ∩ Ker δ)/ Im δ∆, since y¯0 and y0 represents
the same class in H(A., δ), we have y¯0 − y0 = δz0 for some z0 ∈ Im∆. Now as
above, we solve δx(t)z(t) = y¯(t)− y(t) by induction: first expand in power series to
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get a sequence of equations
δz0 = y¯0 − y0,
δz1 = y¯1 − y1 − [x1 • z0],
· · · · · ·
δzn = y¯n − yn −
∑
i+j=n
[xi • zj],
· · · · · ·
then inductively check the right hand side of each equation lies in Ker δ ∩ Im∆ =
Im δ∆ as above, hence one can find a solution zn in Im∆.
We now define a homomorphism φx(t) : H(A, δ)[[t]]→ H(A[[t]], δx(t)) as follows:
for any [y] ∈ H(A, δ), represent it by an element y0 ∈ Ker δ ∩ Ker∆. Extend y0
to y(t) as in Proposition 1.3, then set φx(t)([y]) = [y(t)]. This is well-defined by
Proposition 1.3. Extend φx(t) to H(A, δ)[[t]] and still denote it by φx(t). We have
the following
Proposition 1.4. The homomorphism φx(t) : H(A, δ)[[t]] → H(A[[t]], δx(t)) is an
isomorphism of k[[t]]-modules.
Proof. We break the proof into two steps.
Step 1. φx(t) is injective. By Lemma 1.1, we can represent any class of H(A, δ)[[t]]
by an element y(t) = y(k)tk + y(k+1)tk+1 + · · · ∈ (Ker δ ∩Ker∆)[[t]]. Without loss
of generality, we assume that y(k) /∈ Im∆δ and hence [y(k)] 6= 0 ∈ H(Ker∆, δ). In
fact, if y(k) = ∆δuk for some uk ∈ A, we replace y(t) by y(t)− t
kδ∆uk and consider
the (k + 1)-th term. Now if φx(t)(y(t)) = δx(t)z(t) for some z(t) = z0 + z1t+ · · · ∈
(Ker∆)[[t]], then by noticing that φx(t)(y(t)) has leading term y
(k)tk, we get a
sequence of equations
δz0 = 0,
δz1 + [x1 • z0] = 0,
· · · · · ·
δzk−1 +
∑
i+j=k−1
[xi • zj ] = 0,
δzk +
∑
i+j=k
[xi • zj ] = y
(k).
Now
∑
i+j=k[xi • zj ] =
∑
i+j=k ∆(xi ∧ zj) ∈ Im∆, and
δ
∑
i+j=k
[xi • zj] =
∑
i+j=k
[δxi • zj]−
∑
i+j=k
[xi • δzj ]
=
∑
i+j=k
[δxi • zj ] +
∑
i+j=k
[xi •
∑
q+l=j
[xq • zl]]
=
∑
i+j=k
[δxi • zj ] +
∑
i+j=k
1
2
∑
p+q=i
[[xp • xq] • zj ] = 0.
Therefore
∑
i+j=k[xi • zj] ∈ Im δ∆, and so y
(k) ∈ δKer∆, a contradiction to the
assumption that [y(k)] 6= 0 ∈ H(Ker∆, δ).
Step 2. φx(t) is surjective. By Lemma 1.2, any element of H(A[[t]], δx(t)) can be
represented by an element y(t) = y(0) + y(1)t + · · · ∈ Ker∆ ∩ Ker δx(t). Then we
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have y(0) ∈ Ker∆ ∩ Ker δ, hence it can be extended to an element φx(t)(y
(0)) =
y(0) + y
(0)
1 t + · · · ∈ Ker∆ ∩ Ker δx(t). Consider now y(t) − φx(t)(y
(0)), it can be
written as ty′(t), where y˜(t) ∈ Ker∆ ∩ Ker δx(t). Hence by induction, y(t) lies in
the image of φx(t).
Theorem 1.1. Assume that (A,∧, δ,∆, [· • ·]) is a DGBV algebra in DGBVq and
x(t) as in Proposition 1.1. Then there is a naturally defined formal deformation
∧x(t) : H(A, δ)[[t]]⊗H(A, δ)[[t]]→ H(A, δ)[[t]]
of ∧ defined by a ∧x(t) b = φ
−1
x(t)(φx(t)(a) ∧ φx(t)(b)).
2. Nice integrals and formal Frobenius manifold structures
In the above discussion, we have only considered one-parameter deformations
such that the parameter t commutes with the elements of the relevant algebras. In
this section, we need to make some generalizations.
First we will consider odd deformations. Let ǫ be an indeterminate, denote by
k[[ǫ]] the exterior algebra Λ∗(k ⊕ kǫ). We regard k[[ǫ]] as the super formal power
series with an indeterminate of odd degree. If (A,∧) is a Z2-graded associative
algebra over k, let A[[ǫ]] = A ⊗k k[[ǫ]]. Any element of A[[t]] can be written as
a0 + a1ǫ, and we can extend ∧ as follows:
(a0 + a1ǫ) ∧ (b0 + b1ǫ) = a0 ∧ b0 + (a0 ∧ b1 + a1σ(b0)ǫ,
where σ(a) = (−1)|a|a for a homogeneous element a ∈ A. Here we have used the
Koszul sign convention. It is straightforward to verify that this multiplication is
associative. Furthermore, if 1 is the unit for (A,∧), then so is it for (A[[ǫ]],∧); and
if (A,∧) is graded commutative, then so is (A[[ǫ]],∧). Now if (A,∧, δ,∆, [· • ·]) is a
DGBV algebra, we extend ∆ and [· • ·] to A[[ǫ]] by the Koszul sign convention. We
have ǫa = σ(a)ǫ, ǫδ = −δǫ, ǫ∆ = −∆ǫ and
[aǫ • b] = −[a • σ(b)]ǫ, [a • bǫ] = [a • b]ǫ.
Given a cohomology class of H(A, δ) of odd degree, represent it by an element in
Ker δ ∩Ker∆. Then x(ǫ) = x1ǫ satisfies the Maurer-Cartan equation
δω +
1
2
[ω • ω] = 0
over A[[ǫ]]. This is the analogue of Proposition 1.1. The simpler versions of the
proofs (without inductions) of Propositions 1.2 - 1.4 prove the corresponding state-
ments for odd cohomology classes of H(A, δ). As a result, we obtain an odd defor-
mation of (H(A, δ),∧).
Secondly, we will also be interested in multi-parameter formal deformations
which now turn to. From now on, assume that H is a rank n free k-module.
Let {eα : α = 0, · · · , n−1} be a set of free homogeneous generators of H , such that
e0 = 1. Let {t
α} be the dual set of generators ofHt = Homk(H,k). Denote by k[[t]]
the space of super power series in {t0, · · · , tn−1}, and consider A[t]] = A⊗k k[[t]].
Again, modifying the proofs, the analogues of Propositions 1.2 - 1.4 can be proved
for A[[t]]. We give the corresponding statements below, and omit the proofs. Also,
see Manin [17] for different proofs.
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Proposition 2.1. There is a formal power series solution Γ = Γ1 + · · ·+Γn+ · · ·
to (3), such that Γ1 = xαt
α, where xα ∈ Ker∆ ∩ Ker δ represents eα, and for
n > 1, Γn is a super homogeneous polynomial of order n in {t
α} with coefficients in
Im∆ . Furthermore, t0 only appears in Γ1. (Such a solutions is called a universal
normalized solution.)
Proposition 2.2. Let Γ be a universal normalized solution. Then the deformed
triple (A[[t]], δΓ,∆) is in DGBVq.
Proposition 2.3. Let Γ be a universal normalized solution. Then any element
y0 ∈ Ker δ ∩Ker∆ can be extended to y(t) ∈ A[[t]] with leading term y0, such that
δΓy(t) = 0 and all the higher order terms lies in Im∆. Furthermore, if y¯(t) ∈ A[[t]]
has the same properties and its leading term y¯0 ∈ Ker δ∩Ker∆ represents the same
class as y0 in H(A, δ), then there exists z(t) ∈ (Im∆)[[t]] such that y¯(t) − y(t) =
δΓz(t).
Similar to the definition of φx(t), we define a homomorphism φΓ : H(A, δ)[[t]]→
H(A[[t]], δΓ).
Proposition 2.4. The homomorphism φΓ : H(A, δ)[[t]]→ H(A[[t]], δΓ) is an iso-
morphism of k[[t]]-modules.
We can now define an n-parameter super formal deformation
∧Γ : H(A, δ)[[t]] ⊗H(A, δ)[[t]]→ H(A, δ)[[t]]
by a ∧Γ b = φ
−1
Γ (φΓ(a) ∧ φΓ(b)). Recall the following
Definition 2.1. An integral of a DGBV algebra (A,∧, δ,∆, [· • ·]) is a k-linear∫
: A → k, such that
∫
δa ∧ b = (−1)|a|+1
∫
a ∧ δb,∫
∆a ∧ b = (−1)|a|
∫
a ∧∆b,
for any homogeneous a, b ∈ A. Obviously, an integral on A induces a well-defined
supersymmetric bilinear form, g : H ⊗H → k by
g([a], [b]) =
∫
a ∧ b.
An integral is called nice if g induces an isomorphism H → Ht by [a] ∈ H 7→
g([a], ·) ∈ Ht.
In the context of §1, we extend
∫
to A[[t]]. Then it is straightforward to see that∫
is an integral of (A[[t]],∧, δx(t),∆, [· • ·]) (Manin [17], Proposition 5.5.1). If for
j = 1, 2, yj ∈ Ker δ ∩Ker∆ such that δx(t)(yj +∆zj(t)) = 0 for some zj(t) ∈ A[[t]],
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then we have ∫
(y1 +∆z1(t)) ∧ (y2 +∆z2(t))
=
∫
y1 ∧ y2 +
∫
y1 ∧∆z2(t) +
∫
∆z1(t) ∧ (y2 +∆z2(t))
=
∫
y1 ∧ y2 +
∫
∆σ(y1) ∧ z2(t) +
∫
σ(z2(t)) ∧∆(y2 +∆z2(t))
=
∫
y1 ∧ y2.
So if the integral
∫
is nice for A, so is it for A[[t]]. Given a nice integral
∫
on a
DGBV algebra A, since we have
g([a] ∧ [b], [c]) =
∫
([a] ∧ [b]) ∧ [c] =
∫
[a] ∧ ([b] ∧ [c]) = g([a], [b] ∧ [c]),
for [a], [b], [c] ∈ H , (H,∧, g) is a (graded) Frobenius algebra. Therefore, given a
nice integral of A, (H [[t]],∧x(t), g) is a formal deformation of the Frobenius algebra
(H,∧, g). Similarly, given a universal normalized solution Γ, the above discussion
can be carried out for (A[[t]], δΓ,∧, δ, [· • ·]), a nice integral on A then gives a
multi-parameter formal deformation (H [[t]],∧Γ, g) of (H,∧, g). We now state the
following result in Barannikov-Kontsevich [1] and Manin [17]:
Proposition 2.5. Let (A,∧, δ,∆, [· • ·]) be a DGBV algebra over k in DGBVq.
Assume that k-module H = H(A, δ) has free homogeneous generators {eα : α =
0, · · · , n−1} with e0 = 1, and {t
α} the dual generators of the dual module Ht. Also
assume that there is a nice integral
∫
on A. Then given a universal normalized
solution Γ = Γ1 +∆B with Γ1 = eαt
α, the super formal power series
Φ =
∫
(
1
6
Γ3 −
1
2
δB ∧∆B) =
∫
(
1
6
Γ3 −
1
4
(Γ− Γ1) ∧ Γ
2)(4)
satisfies
∂3Φ
∂t0∂tαtβ
= gαβ ,
and the WDVV (Witten-Dijkgraaf-Verlinde-Verlinde) equations
∂3Φ
∂tα∂tβ∂tµ
gµν
∂3Φ
∂tν∂tγ∂tδ
= (−1)|eα|(|eβ |+|eγ |)
∂3Φ
∂tβ∂tγ∂tµ
gµν
∂3Φ
∂tν∂tα∂tδ
,
where gαβ = g(eα, eβ) =
∫
eα ∧ eβ and (g
αβ) is the inverse matrix of (gαβ).
3. Gauge invariance and functorial property
In this section, we will discuss the gauge invariance of the constructions in previ-
ous sections. As mentioned in the introduction, special cases have been treated in
the Kodaira-Spencer theory gravity [2] and the Ka¨hler gravity [3]. Barannikov and
Kontsevich [1] remarked that all universal normalized solutions are gauge equivalent
but offered no proof.
Let (L = ⊕n∈ZLn, [·, ·], δ) be a differential graded Lie algebra (DGLA). Denote
by Le and Lo the subspaces of elements with even and odd degrees respectively. For
any element A ∈ L, denote by adA the automorphism [A, ·] : L→ L. Let R = k[t]
or k[[t]], and m the maximal ideal of R. Consider the group
G = G(R) = exp(L⊗m)e,
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with the multiplication eAeB = eC defined by the Campbell-Baker-Hausdorff for-
mula: C =
∑
n≥1 Cn, where Cn =
1
n
∑
p+q=n(C
′
p,q + C
′′
p,q), and
C′p,q =
∑
p1+···pm=p
q1+···+qm−1=q−1
pi+qi≥1
pm≥1
(−1)m+1
m
adp1A ad
q1
B · · · ad
pm
A B
(p1)!(q1)! · · · (pm)!
C′′p,q =
∑
p1+···pm−1=p−1
q1+···+qm=q
pi+qi≥1
(−1)m+1
m
adp1A ad
q1
B · · · ad
qm−1
B A
(p1)!(q1)! · · · (pm)!
These are the explicit formulas in Dynkin’s form (Serre [18], p. 29). (This is
similar to a construction in Goldman and Millson [10, 11] where they use Artin
local k-algebras.) There is a natural action of G on L⊗R by
eA · α = eadAα.(5)
It is clear that eadAe− adA = 1.
Lemma 3.1. Let A ∈ (L⊗m)e, B ∈ L⊗R, then for n ≥ 1, we have
adB ad
n
A =
n∑
j=0
(
n
j
)
adjA ad(− adA)n−jB .
Furthermore, we have
eadA adB e
− adA = adeadAB .
Proof. The first equality can be proved elementarily by induction. For the second
equality, we have
adB e
adA =
∑
n≥0
1
n!
adB ad
n
A =
∑
n≥0
1
n!
n∑
j=0
(
n
j
)
adjA ad(− adA)n−jB
=
∑
n≥0
n∑
j=0
1
j!
adjA
1
(n− j)!
ad(− adA)n−jB =
∑
j,k≥0
1
j!
adjA
1
k!
ad(− adA)kB
= eadA ade− adAB .
Lemma 3.2. For A ∈ (L⊗m)e, we have
eadAde− adA = d+
∑
q≥0
1
(q + 1)!
adadq
A
δA = d+ ad 1−eadA
adA
δA
.
Proof. It is easy to see that
d adA = adA d+ adδA .
Then by induction, it is easy to show that
d adnA = ad
n
A d+
n−1∑
p=0
adn−p−1A adδA ad
p
A
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Now δA ∈ Lo, so we can use Lemma 3.1 to handle adδA ad
p
A as follows:
d adnA = ad
n
A d+
n−1∑
p=0
adn−p−1A adδA ad
p
A
= adnA d+ ad
n−1
A adδA+
n−1∑
p=1
adn−p−1A adδA ad
p
A
= adnA d+ ad
n−1
A adδA+
n−1∑
p=1
adn−p−1A
p∑
j=0
(
p
j
)
adjA ad(− adA)p−jδA
= adnA d+ ad
n−1
A adδA+
n−1∑
p=1
p∑
j=0
(
p
j
)
adn−p−1+jA ad(− adA)p−jδA
= adnA d+ n ad
n−1
A adδA+
n−1∑
p=1
p−1∑
j=0
(
p
j
)
adn−p−1+jA ad(− adA)p−jδA
= adnA d+ n ad
n−1
A adδA+
n−1∑
q=1
n−1−q∑
j=0
(
q + j
j
)
adn−1−qA ad(− adA)qδA
= adnA d+ n ad
n−1
A adδA+
n−1∑
q=1
(
n
n− 1− q
)
adn−1−qA ad(− adA)qδA
= adnA d+
n−1∑
q=0
(
n
n− 1− q
)
adn−1−qA ad(− adA)qδA
Hence we have
deadA =
∑
n≥0
1
n!
d adnA
=
∑
n≥0
1
n!
adnA d+
∑
n≥0
1
n!
n−1∑
q=0
(
n
n− 1− q
)
adn−1−qA ad(− adA)qδA
= eadAd+
∑
n≥0
n−1∑
q=0
1
(n− 1− q)!
adn−1−qA
1
(q + 1)!
ad(− adA)qδA
= eadA(d+
∑
q≥0
1
(q + 1)!
ad(− adA)qδA).
Replacing A by −A then completes the proof.
Given an element ω ∈ (L⊗m)o, set δω = δ+adω. From Lemma 3.1 and Lemma
3.2, we see that for any A ∈ (L ⊗m)e, we have
eAδωe
−A = δeA·ω,
where
eA · ω = eadAω +
1− eadA
adA
δA
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is called the gauge transformation of ω. This formula is well-known. See e.g.
Goldman-Millson [10, 11]. Let X = {ω ∈ (L ⊗ m)o : δω + 12 [ω, ω] = 0}, then the
G-action preserves X .
Given any DGBV algebra (A,∧, δ,∆, [· • ·]), denote by A[−1] the graded vector
space with (A[−1])p = Ap+1. Then (A[−1], δ, [· • ·]) is a DGLA. When A = k[[t]],
we get the group G[[t]] = {exp y(t) : y(t) ∈ tAo[[t]]} and its natural action on A[[t]].
Proposition 3.1. Assume that x(t) = x1t+ · · ·+xnt
n+ · · · and x¯(t) = x¯1t+ · · ·+
x¯nt
n + · · · are two solutions of the Maurer-Cartan equation
δω +
1
2
[ω • ω] = 0,
such that x1, x¯1 ∈ Ker δ ∩ Ker∆, and xn, x¯n ∈ Im∆. If [x1] = [x¯1], then there
exists w(t) = w1t+ · · ·+ wnt
n + · · · ∈ A[[t]] such that exp(∆w(t)) · x(t) = x¯(t).
Proof. It suffices to prove the following: if x(t) = x¯(t) (mod tn), n ≥ 1, then there
exist zn ∈ A, such that exp(t
n∆zn) · x(t) = x¯(t) (mod t
n+1).
For n = 1, we clear have x(t) = x¯(t) (mod t). Since [x¯1] = [x1], there exists z1
such that x¯1 = x1 − δ∆z1. Now modulo t
2, we have
exp(t∆z1) · x(t) = x(t) +
∑
j>0
1
j!
adjt∆z1 x(t) − δ∆z1 −
∑
j>1
1
j!
adj−1t∆z1 x(t)
= x1t− δ∆z1 = x¯1t = x¯(t).
For n > 1, we have x¯n − xn ∈ Im∆, and
δ(x¯n − xn) = δx¯n − δxn
=
∑
i+j=n
[x¯i • x¯j ]−
∑
i+j=n
[xi • xj ]
=
∑
i+j=n
[xi • xj ]−
∑
i+j=n
[xi • xj ] = 0,
hence there exists zn such that x¯n − xn = −δ∆zn. Now modulo t
n+1, we have
exp(tn∆zn) · x(t)
= x(t) +
∑
j>0
1
j!
adjtn∆zn x(t)− t
nδ∆zn −
∑
j>1
1
j!
adj−1tn∆zn x(t)
= x1t+ · · ·+ xn−1t
n−1 + (xn − δ∆zn)t
n = x¯1t+ · · · x¯nt
n = x¯(t).
As an easy corollary, we have
Proposition 3.2. The equivalence class of ∧x(t) depends only on the class [x].
Consequently, we have the following
Theorem 3.1. If f : (A1,∧1, δ1,∆1, [· • ·]∆1) → (A2,∧2, δ2,∆2, [· • ·]∆2) is a ho-
momorphism of two DGBV algebras in DGBVq, then we have
f∗(α ∧x β) = f∗(α) ∧f∗(x) f∗(β),
where α, β, x ∈ H(A1, δ1), and f∗ : H(A1, δ1) → H(A2, δ2) is the homomorphism
on cohomology induced by f .
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Proof. Given any x ∈ H(A1, δ1), represent it by an element x1 ∈ Ker δ1 ∩ Ker∆1
and extend it to a power series x(t) = x1t+ · · ·+ xnt
n+ · · · , such that xn ∈ Im∆1
and δx(t)+ 12 [x(t)•x(t)]∆1 = 0. Then f(x(t)) = f(x1)t+ · · ·+f(xn)t
n+ · · · satisfies
f(x1) ∈ Ker δ2 ∩ Ker∆2, f(xn) ∈ Im∆2 and δf(x(t)) +
1
2 [f(x(t)) • f(x(t))]∆2 =
0.
Proposition 3.3. Assume (A,∧, δ,∆, [· • ·]) is a DGBV algebra which satisfies the
conditions in Proposition 2.5. Then given any two universal normalized solutions Γ
and Γ, there exists an odd element A ∈ (Im∆)[[t]] whose zero order term vanishes,
such that eA · Γ = Γ. Furthermore, the potential function Φ is gauge invariant.
Proof. The proof of the first statement is an easy modification of the proof of
Proposition 3.1. To prove the second statement, we first linearize the gauge trans-
formation:
d
dλ
∣∣∣∣
λ=0
eλA · Γ = [A • Γ]− δA.
Then we have
d
dλ
∣∣∣∣
λ=0
Φ(eλA · Γ)
=
d
dλ
∣∣∣∣
λ=0
∫ (
1
6
(eλA · Γ)3 −
1
4
(eλA · Γ− (eλA · Γ)1) ∧ (e
λA · Γ)2
)
=
∫
(
1
2
Γ2 ∧ ([A • Γ]− δA)−
1
4
([A • Γ]− δA− ([A • Γ]− δA)1) ∧ Γ
2
−
1
2
(Γ− Γ1) ∧ Γ ∧ ([A • Γ]− δA))
=
∫
(−
1
4
Γ2 ∧ ([A • Γ]− δA) +
1
4
Γ2 ∧ ([A • Γ]− δA)1 +
1
2
Γ1 ∧ Γ ∧ ([A • Γ]− δA)),
where the subscript means the the first order term. Since A ∈ (Im∆)[[t]] is odd,
we have∫
Γ2 ∧ [A • Γ] =
1
3
∫
[A • Γ3] = −
1
3
∫
(∆(A ∧ Γ3)−∆A ∧ Γ3 +A ∧∆Γ3)
=
2
3
∫
∆A ∧ Γ3 = 0.
Notice that∫
Γ2 ∧ δA = −
∫
δΓ2 ∧ A = −2
∫
Γ ∧ δΓ ∧ A =
∫
Γ ∧ [Γ • Γ] ∧ A
Now ∫
Γ ∧ [Γ • Γ] ∧ A =
1
2
∫
[Γ • Γ2] ∧ A
=
1
2
∫
(∆Γ3 −∆Γ ∧ Γ2 − Γ ∧∆Γ2) ∧ A
=
1
2
∫
(Γ3 ∧∆A− Γ ∧ [Γ • Γ] ∧ A) = −
1
2
∫
Γ ∧ [Γ • Γ] ∧ A,
hence
∫
Γ ∧ [Γ • Γ] ∧ A = 0, and so∫
Γ2 ∧ δA = 0.
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Replacing A by A1, we get ∫
Γ2 ∧ δA1 = 0.
Similarly, we have ∫
Γ1 ∧ Γ ∧ [A • Γ] =
1
2
∫
Γ1 ∧ [A • Γ
2]
= −
1
2
∫
Γ1 ∧ (∆(A ∧ Γ
2)−∆A ∧ Γ2 +A ∧∆Γ2)
= −
1
2
∫
∆Γ1 ∧ (A ∧ Γ
2)−
1
2
∫
Γ1 ∧ A ∧ [Γ • Γ]
=
∫
Γ1 ∧ A ∧ δΓ =
∫
δ(Γ1 ∧ A) ∧ Γ
=
∫
(δΓ1 ∧A ∧ Γ + Γ1 ∧ δA ∧ Γ) =
∫
Γ1 ∧ Γ ∧ δA,
and so ∫
Γ1 ∧ Γ ∧ ([A • Γ]− δΓ) = 0.
Therefore, we have
d
dλ
∣∣∣∣
λ=0
Φ(eλA · Γ) =
∫
Γ2 ∧ [A • Γ]1 = 0.
Here we use the observation that since both A and Γ has no zeroth order term,
[A • Γ] has no first order term.
Definition 3.1. Denote by DGBVqi the subcategory of DGBVq consists of DGBV
elements in DGBV which admits nice integrals. A quasi-isomorphism between two
elements in DGBVq (DGBVqi) is a morphism in DGBVq (DGBVqi) which induces
isomorphism on cohomology groups.
Theorem 3.2. Formal Frobenius manifolds obtained from quasi-isomorphic DGBV
algebras in DGBVqi by Proposition 2.5 can be identified with each other.
Proof. Just observe that a universal normalized solution is mapped to a universal
normalized solution under quasi-isomorphism.
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